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Abstract. We propose an automated method for exploring kinetic parameters of
stochastic biochemical systems. The main question addressed is how the valid-
ity of an a priori given hypothesis expressed as a temporal logic property de-
pends on kinetic parameters. Our aim is to compute a landscape function that,
for each parameter point from the inspected parameter space, returns the quan-
titative model checking result for the respective continuous time Markov chain.
Since the parameter space is in principle dense, it is infeasible to compute the
landscape function directly. Hence, we design an effective method that iteratively
approximates the lower and upper bounds of the landscape function with respect
to a given accuracy. To this end, we modify the standard uniformization technique
and introduce an iterative parameter space decomposition. We also demonstrate
our approach on two biologically motivated case studies.

1 Introduction

The importance of stochasticity in biochemical processes having low numbers of mole-
cules has resulted in the development of stochastic models [12]. Stochastic biochemical
processes can be faithfully modeled as continuous time Markov chains (CTMCs) [9].
Knowledge of stochastic rate constants (model parameters) is important for the analysis
of system dynamics. Moreover, knowledge about how change in parameters influences
system dynamics (parameter exploration) is of great importance in tuning the stochastic
model. Prior knowledge of kinetic parameters is usually limited. The model identifica-
tion routine thus typically includes parameter estimation based on experimental data.
While parameter exploration and estimation is well-established for deterministic mod-
els, it has not yet been adequately addressed and sufficiently developed for stochastic
models. The purpose of this work is to develop practical and effective methods for exact
exploration of model parameters in stochastic biochemical models.

The main question addressed is how the validity of an a priori given hypothesis
expressed as a temporal property depends on model parameters. Parameter estimation
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M. Češka has been supported by Ministry of Education, Youth, and Sport project No.
CZ.1.07/2.3.00/30.0009 – Employment of Newly Graduated Doctors of Science for Scientific
Excellence. D. Šafránek has been supported by EC OP project No. CZ.1.07/2.3.00/20.0256.

N. Sharygina and H. Veith (Eds.): CAV 2013, LNCS 8044, pp. 107–123, 2013.
c© Springer-Verlag Berlin Heidelberg 2013



108 L. Brim et al.

gives a single point in the parameter space where the values of model parameters maxi-
mize the agreement of model behaviour with experimental data. On the contrary, we of-
ten do not want to have a single objective but rather explore the property over the entire
parameter space. Our main goal is to compute a landscape function that for each param-
eter point from the inspected parameter space returns the quantitative model checking
result for the respective CTMC determined by the parameter point and the given prop-
erty. Since the inspected parameter space is in principle dense the set of parametrized
CTMCs to be explored is infinite. It is thus not possible to compute the model checking
result for each CTMC individually.

As a temporal logic we use the bounded time fragment of Continuous Stochastic
Logic (CSL) [2] further extended with rewards [19]. For most cases of biochemical
stochastic systems the bounded time restriction is adequate since a typical behaviour is
recognizable in finite time intervals.

In this paper we consider the parameter exploration problem for stochastic biochem-
ical systems in terms of a landscape function that returns for each parameter point the
probability or the expected reward of the inspected CSL formula. We propose a method,
called min-max approximation, that computes the lower and upper approximations of
the landscape function. To compute the approximation for an arbitrary nested CSL for-
mula, we introduce the largest and smallest set of states satisfying the formula and
show how to compute such sets effectively using a new method called parametrized
uniformization. To compute the landscape function approximation with given accuracy
we employ iterative parameter space decomposition that divides the parameter space
into subspaces and allows to compute the proposed approximation independently for
each subspace. This decomposition refines the approximation and enables to reach the
required accuracy bound. We demonstrate our approach on two biologically motivated
case studies. In the first one, we demonstrate that parametrized uniformization allows
to approximate the transient probabilities of Schloegel’s model [24] for the inspected
parameter space. In the second case, our method is applied to parameter exploration of
bi-stability in mammalian cell cycle gene regulatory control [25]. Several techniques
have been employed [26,10] to analyze models of this kind, especially, it has been
shown that asymptotic solutions may disagree with the exact solution imposing thus a
challenge for more accurate computational techniques. Since in low molecular numbers
stochasticity can produce behaviour that significantly differs from asymptotic and de-
terministic dynamics, the parameter exploration method reflecting this phenomenon is
very important for computational systems biology.

In contrast to methods mentioned in the related work section, the accuracy of results
can be fully controlled and adjusted by the user. Similarly to these methods our method
is computationally intensive. However, it can be easily parallelized since the compu-
tation for each subspace is independent. Moreover, it can be also combined with fast
adaptive uniformization [9] and sliding window abstraction [16].

Related Work. To the best of our knowledge there is no other work on stochastic mod-
els employing CSL model checking to systematic parameter exploration. The closest
work is [22] where a CTMC is explored with respect to a property formalized as a
deterministic timed automaton (DTA). It extends [1] to parameter estimation with re-
spect to acceptance of the DTA. Approaches to parameter estimation [23,1,7] rely on


