
Arab J Sci Eng (2014) 39:7003–7011
DOI 10.1007/s13369-014-1159-7

RESEARCH ARTICLE - COMPUTER ENGINEERING AND COMPUTER SCIENCE

Maximum Independent Set Approximation Based
on Bellman-Ford Algorithm

Mostafa H. Dahshan

Received: 20 May 2013 / Accepted: 31 October 2013 / Published online: 31 May 2014
© King Fahd University of Petroleum and Minerals 2014

Abstract This paper presents a new algorithm for approx-
imating the solution of the maximum independent set (MIS)
problem. The proposed algorithm takes a novel approach of
treating the MIS problem as a least-cost path problem, us-
ing an adapted version of Bellman–Ford algorithm, in which
all vertices are used as sources, and the cost of a vertex is
measured as the number of vertices excluded if this ver-
tex is included in the independent set. Analysis of the pro-
posed algorithm shows that its running time is approximately
O(n(n2 − m)), where n is the number of vertices and m is
the number of edges. Extensive tests against several bench-
mark graphs and random-generated graphs show a significant
improvement of the proposed algorithm over other approx-
imation algorithms, including one of the best known ones
such as Greedy algorithm.
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1 Introduction

The maximum independent set (MIS) problem, also known
as the stable set problem, is a fundamental discrete optimiza-
tion problem. Given an undirected graph G = (V, E), where
V is a set of vertices and E is a set of edges, an independent
set IG ⊆ V is a set of vertices that are not adjacent, i.e.,
∀u, v ∈ IG , (u, v) /∈ E . The cardinality of IG is called the
independence number α(G). The MIS problem is to find such
a set IG with maximum α(G). This problem is known to be
NP-hard [1] and is also hard to approximate [2]. When using
graphs to model real-life situations where a vertex represents
an object and an edge represents a conflict between two ob-
jects, MIS can be used to find the largest set of objects with no
conflicts. As such, the MIS problem has many applications
in various areas. Examples include label placement [3], map
labeling [4], packet scheduling [5], wireless link schedul-
ing [6], Bluetooth scatternet formation [7], and multi-object
tracking [8], to name a few.

The goal of this paper is to approximate the solution of
the MIS problem using a systematic rather than an empirical
approach. We try to approximate the NP-hard problem by a
polynomial-time one, then use a proven-optimal algorithm
for the polynomial-time problem to solve the approximated
one. To our knowledge, this approach has not been used be-
fore in any approximation algorithm for the MIS problem.

The rest of the paper is organized as follows: Sect. 2 pro-
vides a literature review on related works. Section 3 provides
a detailed description of the proposed algorithm, with an
illustrative example and an analysis of the algorithm com-
plexity. Section 4 shows the results of extensive tests per-
formed on the proposed algorithm using several benchmark
and random-generated graphs. Finally, Sect. 5 summarizes
the findings of the paper and gives an insight on possible
future improvements.
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2 Related Works

The research on the MIS problem is mainly focused on three
main areas. The first area is the development of exact solu-
tions with lower running times. A recent survey study [9]
shows that the best known exact solution for the worst-case
complexity MIS has a running time in O(2n/4), where n is
the number of vertices. Some research works on exact so-
lutions focus on graphs with bounded degree. For example,
an exact algorithm is presented in [10] with O∗(1.0977n)

running time for graphs with a maximum degree of 3. An-
other exact algorithm is presented in [11] with O∗(1.1737n)

running time for graphs with degree bounded by 5.
The second area is obtaining a lower bound on the indepen-

dence number α(G). One of the best known lower bounds on
the independence number is α(G) ≥ ∑

v∈V
1

dG (v)+1 , where
dG(v) is the degree of vertex v [12].

The third main area is the development and evaluation of
approximation algorithms. In this area, Greedy and Greedy-
like algorithms have gained most researchers’ interests, and
several proposed approximation algorithms were built on
them [13]. Greedy algorithm (also known as Greedy Min-
imum or Greedy Min) selects the vertex u with minimum
degree dG(u), deletes it with its neighbors from G and re-
peats the process until G is empty. The independent set is
composed of the selected vertices. Greedy is one of the best
known approximation algorithms, as discussed in [14]. It can
find an independent set of size (1+o(1))n ln(d)/d for sparse
graphs, and size (1+ o(1)) log2 n for random graphs, where
d = 2m/n is the average degree of a graph G with n vertices
and m edges [15].

In [16], the authors define a set of Greedy Max-type al-
gorithms, which select a vertex u from G according to a
selection rule, delete u together with its connected edges,
and repeat the process on the resulting graph until it contains
no more edges. The independent set contains the remaining
vertices in the graph. The Greedy Max-types are determined
by the criteria of the selection rules. For example, criterion
C1 selects u with maximum degree among its neighbors. Cri-
terion C2 (classical Greedy Max) selects u with maximum
degree in G. The Vertex Support Algorithm (VSA) proposed
in [17] is similar to Greedy Max, but it selects the vertex u
with maximum support, where support is defined as the sum
of the degrees of u’s neighbor vertices.

In [18], the authors describe a greedy sequential algo-
rithm for MIS that loops over vertices in an arbitrary order,
adding a vertex to the MIS only if none of its neighbors has
already been added. The authors show that this algorithm is
highly parallel. They present an approach of using prefixes
to balance between parallelism and redundancy, and describe
linear work parallel algorithms based on this approach.

In [19], the author presents a heuristic algorithm for find-
ing MIS by converting the graph into a finite partially ordered

set, which is partitioned into minimum number of chains and
used to create a special directed graph on which the algorithm
is applied. The algorithm is tested against some benchmark
graphs. The running time of the algorithm is of high degree
polynomial O(n8). However, the author notes that the theo-
retical importance of the algorithm is the probability of con-
structing a polynomial-time solution for some NP-complete
problems.

In this paper, we are interested in the area of develop-
ment of approximation algorithms. Because Greedy algo-
rithm has received such intensive analysis and evaluation,
we use it as a baseline algorithm to compare with. In addi-
tion, we also consider VSA and two of the Greedy Max-type
algorithms.

The main problem with Greedy and similar algorithms
discussed above is that once a vertex is selected to be added
to the independent set at any iteration, it cannot be replaced
if it appeared to be a bad choice at subsequent iterations. A
motivation of our work is to have the algorithm keep track of
vertices selected over multiple iterations. This allows find-
ing multiple possible MIS instances and choosing the best
instance among them.

3 Proposed Algorithm

The proposed algorithm, Bellman–Ford based MIS Algo-
rithm (BMA), redefines MIS as a problem of finding the
least-cost path, by measuring the cost of a vertex u as the
number of vertices that are excluded if u is included in the
path. It uses an adapted version of Bellman–Ford algorithm
which uses all vertices as sources, and thus can find at most
n = |V | different paths. In this context, each path represents
an independent set of vertices.

The goal of BMA algorithm is to minimize the number
of excluded vertices for each vertex added to the path. The
pseudo-code for BMA algorithm is shown in Algorithm 1.
BMA algorithm accepts a graph G = (V, E) as an input and
outputs a set IG which is the approximated MIS. The algo-
rithm works on multiple rounds. To keep track of all found
paths, the algorithm maintains the lists Exclude, Cost and
Previous for each round. BMA algorithm can run for up to
|V | − 1 rounds. Each new round is a new attempt to find a
higher independence number. The algorithm will stop at the
round where no more vertices can be added to any path (in-
dependent set). Although BMA algorithm returns only one
independent set, it actually keeps track of all found indepen-
dent sets, even non-optimal ones. The algorithm can easily
be modified to return multiple independent sets with max-
imum size, if such sets exist, without any additional com-
putational cost. In what follows, we provide a detailed de-
scription of BMA algorithm and further explain it by an
example.
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